Abstract: The constraints of conformal bootstrap are applied to investigate a set of conformal field theories in various dimensions. The prescriptions can be applied to both unitary and non unitary theories allowing for the study of the spectrum of low-lying primary operators of the theory. We evaluate the lowest scaling dimensions of the local operators associated with the Yang-Lee edge singularity for 2 ≤ D ≤ 6. Likewise we obtain the scaling dimensions of six scalars and four spinning operators for the 3d critical Ising model. Our findings are in agreement with existing results to a per mill precision and estimate several new exponents.
Introduction
Understanding conformal field theories (CFTs) is a great challenge of many branches in theoretical physics. CFTs are at the heart of critical phenomena in condensed matter physics, they control the renormalisation group flows of quantum field theories and explain the appearance of universal scaling laws [1, 2] ; they even provide a tool to study quantum gravity via the AdS/CFT correspondence [3] .
One of the main properties characterizing a specific CFT is the spectrum of the scaling dimensions of its local operators. With the exception of some two-dimensional CFTs (where the algebra of conformal generators is infinite-dimensional) calculating these quantities is very challenging, as they are dominated by quantum fluctuations, an effect which takes place on all length scales in these scale-invariant theories. Moreover, most CFTs are strongly coupled and difficult to study using the usual perturbative techniques of Feynman diagrams, although some of them can be accurately analysed by Monte Carlo calculations and/or strong coupling expansions [7, 8, 9] .
Conformal bootstrap is a reincarnation of the bootstrap mechanism used to investigate the CFT constraints originating from the crossing symmetry of the four-point functions. It was suggested a long time ago that conformal bootstrap could give useful informations on the allowed scaling dimensions of the theory [4, 5, 6] . This idea was implemented in two-dimensional rational CFTs, i.e. those with a finite number of Virasoro primary fields. It was shown that the crossing symmetry, when combined with the modular invariance of the theory on a torus, provides the complete spectrum of scaling dimensions, modulo an integer [10] .
In recent years it has been shown that the conformal bootstrap approach can give accurate predictions for specific CFTs in any space-time dimension [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] . The starting point of this active field of research was the observation [11] that the conformal bootstrap equations (i.e the functional equations following from the crossing symmetry) can be rewritten as an infinite system of linear homogeneous equations. In order to study the system numerically the number of unknowns and the number of equations has to be truncated. In the simplest case, i.e. the four-point function of a single scalar field φ with scaling dimension ∆ φ , the truncated bootstrap equations take the form where the unknown p i is the square of the coefficient of the primary operator O i contributing to the operator product expansion (OPE) of φ(x)φ(y). The coefficient f i e -made up of multiple derivatives of generalized hypergeometric functions -depends on ∆ φ and on the scaling dimension ∆ i of O i . Unitarity requires p i ≥ 0; this implies that the search of solutions for eq. (1.1), when combined with a normalization condition, can be reformulated as a linear programming problem, which can be treated numerically. Its solution yields a numerical upper bound ∆ u = f (∆ φ ) on the dimension of the first scalar contributing to the OPE of φ(x)φ(y) [11] . Some CFTs may exist that saturate this bound [15, 21] . Since the output of the linear programming algorithm is a solution of eq. (1.1), the low-lying spectrum of operator dimensions for these special CFTs can be evaluated. The accuracy of these calculations is particularly impressive in the case of the two-dimensional critical Ising model, where a comparison with exact results can be made. A drawback of this approach is that it can be applied only to theories saturating the unitarity bound. Moreover there is no physically convincing ground explaining why some CFTs saturate the bound 1 .
Recently one of us has proposed a different approach to solve numerically the bootstrap constraints (1.1) which can be applied to a larger class of CFTs [20] . The starting point was the observation that any finite truncation of the bootstrap equations results in a set constraints on the spectrum of operator dimensions contributing to eq. (1.1), provided that the number M of equations is equal or larger than the number N of unknowns. In this case the homogeneous system admits a non-identically vanishing solution if and only if all the minors of order N are vanishing. Hence for any subset of N equations the constraint can be expressed as
where f n is the N × N matrix of coefficients of the nth subset. As soon as M exceeds N , the number of constraints is equal or larger than N ; the all set of constraints can be used to extract the scaling dimensions of the primary operators involved, if a solution exists. If the system of constraints is over-determined, i.e. there are more independent equations than unknowns, it can be split in consistent subsystems to obtain a set of solutions; their spread provides a rough estimate of the error. This method is quite general and it can be applied to any CFT, whether unitary or not, provided the theory has a discrete spectrum and it admits a consistent truncation (1.1) of the bootstrap equations. This statement hides a subtlety that deserves to be mentioned.
The number M of homogeneous equations is not an independent parameter: indeed the larger is the number N of terms in (1.1), the better is the approximation of the rhs to a constant, and hence the larger is the number M of approximately vanishing derivatives.
The method outlined above is valid only if it exists an N 0 such that M > N 0 . If this happens for small values of N 0 we say that the CFT is easily truncable. Typical examples are the free scalar massless theories in D dimensions, where the method yields very accurate results already for N 0 = 3 [20] . In spite of the fact that the conformal block expansion shows good convergence properties [16] , there are cases in which the assumption M > N can not be consistently made for any value of N (an explicit example is shown in the next section). In these cases the associated CFT is not truncable and the numerical methods [11] or [20] do not apply.
Of course the method is predictive only if the exact form of the four-point function for a given CFT is not known. Should this be the case, we do not know a priori whether the theory is easily truncable. The symmetry properties of the model can be used to guess the structure of the quantum numbers of the low-lying primary operators. If a valid set of zeros for N determinants of the type (1.2) is found, we can say a posteriori that the CFT is easily truncable. The larger is N the smaller is the error of the estimate of the operator dimensions. Thus, once a solution is found, it can be improved by adding new operators in the game. In this way the low-lying spectrum of the Yang-Lee model in several dimensions as been evaluated in [20] and will be further improved in this paper.
A major result presented in this paper is an exact solution of the conformal bootstrap constraints (1.2) with N = 7 primary operators and M = 8 equations. It represents a consistent truncation of the four-point function σ(x 1 )σ(x 2 )σ(x 3 )σ(x 4 ) of the 3d Ising model at the critical point described by the spontaneous breakdown of the Z 2 symmetry. σ(x) is the Z 2 -odd scalar, i.e. the order parameter of the theory. The set of primary operators comprises: four Z 2 -even scalars, a conserved spin 2 operator, a quasi-conserved spin 4 operator and a spin 6 operator. One of the four Z 2 -even scalars is identified with the energy ε, the only relevant operator beside σ, while the other three are recurrences, ε , ε , ε , whose dimensions are related to the critical exponents measuring the corrections to scaling. The spin 2 operator is identified with the stress tensor, while the spin 4 operator is related to the critical exponent associated with the rotational symmetry breaking. It turns out that the solution depends on a free parameter. Using the scaling dimension of the spin 4 operator as an input all the other operator dimensions can be evaluated and they differ from the best estimates for no more than 1 . To the best of our knowledge the scaling dimension of ε has never estimated before.
Assuming this truncation is not only a solution of crossing symmetry constraints, but a part of a full-fledged CFT, we exploit some consistency checks to further enlarge the number of estimated scaling dimensions of primary operators belonging to the spectrum of the 3d critical Ising model, as reported in Tables 4 and 5 .
Even though a formal proof of conformality of the critical point of the 3d Ising model is still missing [24] , numerical simulations and theoretical arguments leave little doubt on its validity. A new, strong support of this conjecture comes from the striking agreement between know data and our results, based on the assumption of conformal invariance of the 3d Ising critical point .
The plan of the paper is the following. In the next Section we fix the notations and discuss the derivation of the homogeneous system (1.1) in relation with the notion of easily truncable CFT. Section 3 is dedicated to Yang-Lee models in various dimensions while the last Section is devoted to the 3d critical Ising model and to some conclusions.
Conformal Bootstrap Constraints
The four-point function of a scalar φ(x) of a D-dimensional CFT can be parametrised as [1] 
where ∆ φ is the scaling dimension of φ, x 2 ij is the square of the distance between x i and x j , g(u, v) is a function of the cross-ratios u = 
with p ∆,L = λ 2 φφO , where λ φφO is the coefficient of the primary operator O of scaling dimension ∆ and spin L contributing to the OPE of φ(x)φ(y).
The lhs of (2.1) is invariant under any permutation of the x i 's while the rhs is not, unless g(u, v) obeys the following two functional equations
The first equation projects out the odd spins in the expansion (2.2). The second one, after separating the identity from the other primary operators, can be rewritten as a sum rule
It is easy to argue that such a relation can be exactly satisfied only if the sum contains infinite terms [11] . In any finite truncation the rhs of (2.4) is only approximately constant. In order to transform the sum rule into the system (1.1) of linear homogeneous equations one has to assume that the derivatives of the rhs are vanishing, an assumption that in some cases cannot be made. As an example, consider the four-point function of the energy operator :
We have
The first few terms of the conformal block expansion are Figure 1 shows the first few truncations. We used the parametrisation u = zz and v = (1 − z)(1 −z) [25] . Clearly these truncations are not flat enough around the symmetric point z =z = 1 2 . In this case it would be erroneous to guess that higher level truncations could always generate a number M of homogeneous equations sufficient to solve the system. Actually this four-point function is not truncable. The proof is suprisingly simple: if M is larger than N , then the knowledge of the operator spectrum should determine the p ∆,L 's, but these depend on n (see eq. (2.6)), while the spectrum of primaries of such a free field theory does not depend on it.
The easily truncable CFTs are instead those where the first few terms suffice to give an almost constant rhs in (2.4) . This is the case for instance of free scalar massless theories in D dimensions. Figure 2 shows the first few truncations at D = 3, where
In these cases one can follow the procedure of [11] , i.e. Taylor expand (2.4) about the symmetric point z =z = 1 2 and transform a N -terms truncation of the sum rule into a set of M linear equations in N unknowns p ∆,L .
To be more specific, following [15] we make the change of variables
and Taylor expand around a = 1 and b = 0. It is easy to see that this expansion will contain only even powers of (a − 1) and integer powers of b. The truncated sum rule can then be rewritten as one inhomogeneous equation
and a set of M homogeneous equations already mentioned in eq. (1.1) and here rewritten in more details with
The number M of homogeneous equations depends on the degree of flatness of the truncation. When M > N the system (2.9) becomes highly predictive, since it admits a non identically vanishing solution if and only if all the minors of order N are vanishing. The common intersection of these zeros identify the spectrum values of the scaling dimensions for the N primary operators. If there are more independent minors than unknowns we get a set of scattered solutions. Their spread gives a rough estimate of the error of the approximation. Inserting these ∆'s in eq. (2.9) and assuming that the corresponding minor has rank N − 1 (i.e. a simple zero) we obtain a one-parameter family of p ∆,L 's. The inhomogeneous equation (2.8) sets their normalization.
It is instructive to consider at the homogeneous system (2.9) from a slightly different angle. The p ∆,L 's can be viewed as the components of the right-eigenvector with zero eigenvalue of f. In Dirac notation we can write f|p = 0. Of course there is also a lefteigenvector associated with the same eigenvalue, i.e. α|f = 0. It can be noticed that α| encodes the complete information on the low-lying spectrum of scaling dimensions of the theory. Indeed α| is by construction orthogonal to the N columns of f. Each column depends only on a single conformal block, so it can be viewed as a vector that we denote as |L, ∆, ∆ φ . By the knowledge of α| it is possible to reconstruct the whole spectrum of the N primary operators as follows. Since the stress-tensor is always present among these operators, the zeros of f (x) ≡ α|2, D, x give the possible values of ∆ φ . It follows that the zeros of the scalar product α|L, ∆, ∆ φ , as a function of ∆ and for fixed L and ∆ φ , provide the whole spectrum (see an example in figure 3 ). In conclusion, the combination of the two eigenvectors |p and α| encodes the complete information to reconstruct the (truncated) four-point function for the CFT under study. The eigenvector α| bears some similarity to the linear functional Λ| discussed in [11] in relation with the unitarity upper bound. In both cases the zeros of the scalar product with |L, ∆, ∆ φ provide the operator spectrum [14, 18] , hence a solution to the crossing symmetry; on the other hand Λ| must fulfil the much stronger constraint
∆ o L is the upper unitarity bound described in the introduction: if at a given spin L the first primary operator O ∆,L has scaling dimension larger than this bound, the theory is not unitary. Thus if a unitary CFT saturates the bound, the scalar product above must vanish at ∆ = ∆ o L and all the recurrences at the same L must correspond to double zeros of (2.11), i.e. 12) where Σ denotes the spectrum of allowed operator dimensions. It follows that Λ| can be seen as a left eigenvector of zero eigenvalue for a matrix F much larger than f, composed by the columns |L, ∆, ∆ φ for all ∆ ∈ Σ and the columns d d∆ |L, ∆, ∆ φ for all recurrences. For instance, if the set of N operators of a given truncation of a CFT is composed by n 0 scalars, n 2 operators of spin 2 and so on, so that N = n 0 + n 2 + · · · + n 2k , the matrix F has 2n 0 − 1 columns for the scalars, 2n 2 − 1 columns for the spin 2, and so on, so that the total number of columns is N F = 2N − k.
Λ|L, ∆, ∆
Providing a solution to the crossing symmetry is equivalent to finding a N -dimensional left eigenvector α| f = 0. The additional constraint of saturating the unitarity bound requires instead to find a solution of Λ|F = 0. If Λ| is unique as claimed in [18] , then F is a square N F × N F matrix with det F = 0 and rank N F − 1.
In this paper we only study the zeros of det f. An essential ingredient to pursuing high accuracy in these calculations is an efficient method to evaluate with high precision the conformal blocks and their derivatives. These are known in a closed form only for D = 2, 4, 6 [25] . The conformal blocks for generic D can be still rewritten in a closed form for z =z, L = 0 and L = 1 in terms of 3 F 2 hypergeometric functions
, (2.13)
, (2.14)
with α = D 2 − 1. We follow the algorithms developed in [15] which allow to write, through the use of a few recursion relations, each matrix coefficient of (2.9) as
where the six basis functions B i are the two conformal blocks G ∆,0 (z) and G ∆,1 (z) and their first and second derivatives with respect to z; the R i 's are rational functions of their arguments. These formulas work for any value of dimension, even fractional ones. As such they have already been used to study conformal bootstrap in non-integer dimensions [22] . Here we use this property when comparing our results with the epsilon expansion of the Yang-Lee model in 6 − dimensions.
The Yang-Lee model
Besides the CFT describing its critical point, there are two other CFTs, at least, related to the 3d Ising model. One is the one-dimensional CFT associated with a line defect of this model. The low-lying spectrum of scaling dimensions of the local operators living on the defect has been estimated using Monte Carlo simulations only recently [26] ; these estimates have been supported by both epsilon expansion and conformal bootstrap calculations [23] .
The other CFT is much older and originates from two seminal papers of Yang and Lee [27, 28] , dated more than sixty years ago, on the analytic properties of phase transitions. It turns out that the zeros of the partition function of a ferromagnetic Ising model in D dimensions in a magnetic field h are located on the imaginary axis above a critical value h c (T ) called the Yang-Lee edge singularity. Above the critical temperature T > T c , in the thermodynamic limit, the density of these zeros behaves near h c like (h − h c ) σ , where the edge exponent σ is universal and characterizes a universality class which is not related to the spontaneous breakdown of any symmetry. The Yang-Lee universality class can be described by the non-trivial fixed point of a φ 3 theory [29] with imaginary coupling, thus the corresponding CFT is non-unitary hence it cannot be studied with the conformal bootstrap approach of [11] .
The critical exponent σ is related to the scaling dimension of φ by
The interest on the Yang-Lee universality class is enhanced by the discovery, in the past years, that the edge singularity is related to other quite different critical behaviours. For instance, the number per site of large isotropic branched polymers in a good solvent (i.e. lattice animals) obeys a power law with exponent ϕ I (D) = σ(D−2)+2 [30] , or the pressure of D-dimensional fluids with repulsive core has a singularity at negative values of activity with universal exponent ϕ(D) = σ(D) + 1 [31] . Monte Carlo simulations and other numerical methods on these systems gave accurate results for σ [32, 33] . Recent high temperature expansions of the Ising model in low magnetic field have further improved the accuracy in the whole range 2 < D < 6 [34] .
The edge exponent σ is exactly known in D = 2 and D = 6 dimensions. For the first case the exact form of the four-point function of φ(x) has been found [35] ; we shall use this result to test the accuracy of our method. D = 6 is the upper critical dimensionality of the φ 3 model, above which the classical mean-field value σ = 1 2 applies. Our approach to conformal bootstrap only requires to know the spin and possibly other quantum numbers of the low-lying primary operators contributing to the OPE of φ(x)φ(y). It is not necessary to know the detailed form of this OPE but simply its fusion rule that we write as [
where [D + L − 2, L] is a conserved spinning operator. In an interacting theory only the spin 2 -the stress-tensor T µν -is generally conserved. Moreover in the φ 3 theory φ 2 is a redundant operator, since at the non-trivial fixed point in D < 6 dimensions it is proportional to ∂ 2 φ by the equation of motion. Thus φ 2 and its derivatives become descendant operators of the only relevant operator φ of the Yang-Lee universality class. Thus the fusion rule that characterizes the low-lying spectrum of this CFT is expected to be
where [∆ ] in the perturbative renormalisation group analysis corresponds to φ 3 . This scalar cannot be neglected if we include in the fusion rule the spin 4 operator, since in 6 − dimensions ∆ φ 3 < ∆ 4 . Of course we expect also a term [∆ 6 , 6], like in a free-field theory, however its contribution becomes important only in the two-dimensional case.
Comparison with the exact solution at D = 2 shows that there are actually two primary operators of spin 6. One of them is conserved and coincides with T 3 . Inserting truncations of such a fusion rule in eq. (1.2) we found only isolated solutions where the number M of fulfilled equations is larger than the number N of unknowns ∆'s, thus this CFT is easily truncable.
In table 1 we report the results of a truncation of this fusion rule to the first 4 terms and three different truncations of 6 terms. As expected the accuracy increases with the number of included conformal blocks. Inserting these ∆'s in the linear system (2.8) and (2.9) we can evaluate the OPE coefficients, in particular p ∆ φ that turns out to be very close to the known exact result. Similarly from p 2,2 we can extract the central charge c = ∆ 2 φ /p 2,2 . We encountered isolated solutions also in D > 2. The estimates for D ≤ 6 generated by the truncated fusion rule (3.4) are reported in tables 2 and 3. Estimates of σ(D) from the truncated fusion rule (3.4) compared with the best estimates from strong coupling expansions [34] , fluids [32] and lattice animals [33] . A more complete list of estimates can be found in [34] . The bootstrap result for D = 2 is calculated from tab 1.
As we have already noticed, the present method works for any value of dimension. As such it is interesting to follow the flow of the spectrum from the six-dimensional free-field theory in 6 − dimensions. The epsilon expansion of σ(D) known up to, and including, 3 contributions is [36] 
In figure 5 we plot this function in the range 5 ≤ D ≤ 6 as well as the bootstrap estimates. (1) 6.4(1) Table 3 : Estimates of ∆ 4 and ∆ and the OPE coefficient p φ from the truncated sum rule (3.4). These are, to the best of our knowledge, the only known estimates for these quantities. 
3d critical Ising model
We investigate the 3d critical Ising model with the same strategy applied to the Yang-Lee model, namely we start from the fusion rules of the free-field theory in the upper critical dimension -D = 4 for a φ 4 theory -and see how this is modified in the non-trivial fixed point in 4 − dimensions. This time the first redundant operator is φ 3 which does not contribute to the OPE of φ(x)φ(y), being an odd operator, so no further insight to simplify the fusion rule can be obtained (3.3) . If we include the spin 4 operator, we cannot neglect the leading irrelevant scalar primary ε , corresponding to φ 4 , since ∆ φ 4 < ∆ 4 in 4 − dimensions.
A first solution of the bootstrap constraints (1.2) is associated with the truncated fusion rule
with ∆ σ ≡ ∆ φ . It turns out that the bootstrap constraints (1.2) applied to the M = 5 homogeneous equations (2.9) with m + n ≤ 2 are fulfilled. This time we do not have an isolated solution like in Yang-Lee model, but a one-parameter family of solutions. Using as input ∆ 4 = 5.0208 (12) , which is the most precisely known scaling dimension of the 3d critical Ising model, we obtain a first rough estimate of the scaling dimensions of the operators involved in (4.1), namely ∆ σ = 0.5145(3) , ∆ ε = 1.3735 (15) , ∆ ε = 3.80(1). A better approximation is obtained including also a spin 6 operator, and, since in the expansion the scaling dimensions of the fields φ 6 and φ 8 are smaller than ∆ 6 , also these need to be included, resulting in the next to leading scalars ε , . Precisely we found that the truncated fusion rule
admits an exact solution of the bootstrap constraints (1.2) applied to the set of M = 8 homogeneous equations (2.9) with m + n ≤ 3 and n < 3. The unknowns are the six quantities ∆ σ , ∆ ε , ∆ ε , ∆ ε ∆ ε , ∆ 6 , so we can split the set of homogeneous equations in 28 consistent subsystems and as many bootstrap constraints (1.2) given by the vanishing of determinants of 7 × 7 matrices. The corresponding spread of the solutions is far smaller (see figures 6 and 7) than the error of the input parameter ∆ 4 .
There is a number of consistency checks that can be exploited to enlarge the spectrum of estimated scaling dimensions. We expect in particular that the leading irrelevant odd scalar σ fulfils the same fusion rule as σ, at least at this truncation level 2 . This implies that if we treat ∆ σ as a free parameter ∆, keeping all the other scaling dimensions fixed, the 8 determinants which vanish at ∆ = ∆ σ should also be approximately zero at ∆ = ∆ σ , and this actually happens in figures 8 and 9.
Similarly, we expected that the fusion rule of the energy operator ε(x) should coincide at this truncation level with that of σ(x). However we did not find a corresponding solution. We found instead an approximate solution for the following enlarged fusion rule
(4.3) Here, besides all the operators of (4.2), contributions appear from three new spinning operators, namely two recurrences of spin 2 and one recurrence of spin 4. In this case the conformal bootstrap constraints are associated with determinants of 10 × 10 matrices. Unlike the solution of (4.2), where the accuracy of the zeros was of the order 10 −16 , here we found only approximate zeros of the order 10 −2 − 10 −3 . It is important to notice that the estimate of scaling dimensions of the operators appearing in both fusion rules almost coincide. The resulting set of estimates for the whole set of primary operators considered in our analysis is reported in tables 4 and 5. Finally, inserting these values in 2 Since φ 3 is a redundant operator, this primary operator is associated with φ 5 in the renormalisation group analysis in 4 − dimensions.
the linear systems (2.8) and (1.1) we can extract the first OPE coefficients. In particular, inserting the values of our exact solution of (4.2) we find p ε = λ 2 σσε = 0.62(1). The central charge c turns out to be c/c f ree = 0.98(1) which is slightly higher than the value c/c f ree = 0.946600 + 0.000022 − 0.000015 obtained with the assumption that this model saturates the upper unitarity bound [21] . [37] . The estimate for the spin 6 operator is extracted from [19] .
In conclusion, in this paper we have developed a general method implementing the crossing symmetry constraints in a large class of CFT, both unitary and not. Starting with the knowledge of the fusion rules, this method can generate systematically the correlation functions, by searching for the zeros of certain N × N determinants made up of multiple derivatives of generalized hypergeometric functions. Such a study can be performed with the use of modest computing power, indeed all the results here presented have been obtained by using a single workstation. The method's application to the Yang -Lee edge singularity for 2 ≤ D ≤ 6 and to the 3d critical Ising model gives rather accurate results and can be further improved by enlarging the number N of primary operators included in the analysis.
Added Note
After this work was completed, we became aware of the preprint [38] where the lowlying spectrum of the 3d critical Ising model is precisely calculated under the assumption that this model saturates the upper unitarity bound. Assuming it lives at the change of slope of the boundary curve in (∆ σ , ∆ ε ) plane, very accurate values of these scaling dimensions are obtained, which are more precise than our estimates with the determinant method. On the contrary our method seems to give more predictive and stable results for primaries of higher scaling dimensions, as shown in Tables 4 and 5 .
In the quoted paper it is reported strong numerical evidence that certain operators disappear from the spectrum as one approaches the putative 3d Ising point. Our method provides a simple explanation of this phenomenon. Indeed we directly study the solutions of the linear system (2.8)-(2.9), encoding the crossing symmetry constraint of a CFT, whether unitary or not. By the knowlegde of the operator spectrum of the theory it is possible to calculate the couplings p ∆ k by simply solving the associated linear system. Assuming N equations and N unknowns, according to the Cramer's rule we have
where the numerator is a (N −1)×(N −1) minor described in eq. (1.2) and the denominator is the determinant of the linear system under study. It is important to notice that the numerator does not depend on ∆ k . The unitarity bound arises because some of these couplings change sign. In other words, at the boundary of the parameter space allowed by unitarity some of these p ∆ k 's vanish. These zeros, i.e. the vanishing of the minors (1.2), are just the constraints we used to evaluate the low-lying spectrum of the 3d critical Ising model.
